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Abstract 

The irreducible modules of the 2-cycle permutation orbifold models of lattice vertex 
operator algebras of rank 1 are classified, the quantum dimensions of irreducible modules 
and the fusion rules are determined. 


1 Introduction 

This paper is about the permutation orbifolds of the rank one lattiee vertex operator alge¬ 
bras under the aetion of the 2-eyele. The permutation orbifolds study the permutations ac¬ 
tions on the tensor products of vertex operator algebras. Namely, given a vertex operator 
algebra V, then tensor product of n-copies of U as a C-vector space naturally has a 
vertex operator algebra structure HFHLL Any element a of the symmetric group Sn acts 
on in the obvious way, and gives an automorphism of of finite order. The fixed 
points set (f/®”)'^ = {u G U®"^|ct (v) = vj is a vertex operator subalgebra which is called a 
cT-permutation orbifold model. 

A systematic study was started in HBHSU for cyclic permutation orbifolds for affine alge¬ 
bras and Virasoro algebras, where the twisted sectors, genus one characters and their modular 
transformations, as well as the fusion rules were treated. The genus one characters and modular 
transformation properties of permutation orbifolds of arbitrary rational conformal field theories 
was presented in llBail . The twisted sectors or twisted modules for the permutation orbifolds of 
an arbitrary vertex operator algebra orbifold models were constructed in IBDMI . In the case 
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that y is a lattice vertex operator algebra, tensor produets of V is another lattiee vertex op¬ 
erator algebra again. So the twisted seetors for permutation orbifolds in this ease were given 
in IlLell . [IDL2II already. See IBHLI for the details on this. The C 2 -eofiniteness of permutation 
orbifolds and general eyelie orbifolds have been obtained reeently in HASH . [|A4ll and [|M1. Con¬ 
formal nets approaeh to permutation orbifolds have been studied in HKLXl where irredueible 
representations of the eyelie orbifold are determined and fusion rules were given forn = 2. 

However, representation theory of permutation orbifolds from the point of view of vertex 
operator algebras has not been well understood, such as rationality, classification of irreducible 
modules, and fusion rules. We study the representations of order 2 eyelie permutation orbifold 
models for rank one lattice vertex operator algebras in this paper. In partieular we eompute 
the quantum dimensions of the irreducible modules and determine the fusions. It turns out that 
sueh permutation orbifold ean be realized as a simple eurrent extension of the tensor produet 
of a lattiee vertex operator algebra Vl with the fixed point vertex operator algebra Vj^ under 
the —1 automorphism. So the main idea is to use the representations of Vl and IlDll . llD2l . 
IIDN2I . [lADll . BADLL HA2L HDJLH to understand the representation theory of the permutation 
orbifolds sueh as elassifioation of irredueible modules and the fusion rules. The results of this 
paper agree with that of HKLXB in the setting of eonformal nets. 

The paper is organized as follows: §2 and §3 are preliminaries on the vertex operator alge¬ 
bras theory framework. In these seetions we give some basic notions that appear in this paper 
and recall construction of the lattice vertex operator algebras Via and V^. In §4 we study 
{Via ® Viaf‘'^, the 2 eyelie permutation orbifold models for rank one lattiee vertex operator 
algebras. We prove the rationality of {Via ® Via)^^ ■ The elassifieation of the irredueible mod- 
ules of {Via ® Via) ^ is given in §5. The quantum dimensions of all irreducible modules of 
{Via ® Via)'^'^ are eomputed in §6. We apply results from the previous sections to determine 
all fusion products in §7. 

2 Preliminaries 

Let (C, y, 1,0;) be a vertex operator algebra HBoL HFLMH . First we recall notions of an au¬ 
tomorphism g of finite order of a vertex operator algebra and its ^f-twisted modules HFLMI . 
nDLM2l . 

Definition 2.1. An automorphism g of a vertex operator algebra C is a linear isomorphism of 
V satisfying g {u) = u and gY {v, z) g~^ = Y {gv, z) for any v e V. We denote by Aut {V) 
the group of all automorphism of V. 

For a subgroup G < Aut {V) the fixed point set = {u G V\g {v) = v,\/g e G} has a 
vertex operator algebra structure. 

Let g be an automorphism of a vertex operator algebra V of order T. Denote the deeompo- 
sition of V into eigenspaees of as: 


V — (BrGZ/TzV'^ 

where V^ = [v ^ V\gv = 

Definition 2.2. A weak g-twisted V-module M is a veetor spaee with a linear map 

Ym-.V ^ (EndM) {z} 
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V !-)■ Ym (f, z) = ^ VnZ ^ (un e EndM) 

nSQ 

which satisfies the following: for all 0 < r < T — 1, m G V^, v eV ,w E M, 

Ym{u,z)= ^ UnZ~'^~^, 

Uiw = 0 for I 3 > 0 , 

Ym (1, z) = Mm, 



zi - Z2 

zo 


Ym ( m , zi) Ym (v, Z2) - Zq 


/ 2:2 - ^1 
V -^0 


Ym {v, Z2) Ym {u, Zi) 


1 ^ (-y 2 : 2 ), 

where 5 (z) = Enez^”- 

Definition 2.3. A g-twisted V-module is a weak ^f-twisted E-module M whieh earries a C- 
grading indueed by the speetrum of L(0) where L(0) is the eomponent operator of Y (ce, z) = 
That is, we have M = 0^gj.MA, where Mx = {te G M|L(0)ry = Ate}. 
Moreover, dim Mx is finite and for fixed A, M^+a = 0 for all small enough integers n. 

Definition 2.4. An admissible g-twisted V-module M = (n) is a TZ+-graded weak 

^f-twisted module sueh that UmM {n) C M (wtw — m — 1 + n) for homogeneous u E V and 
m,n E 

If g = My have the notions of weak, ordinary and admissible E-modules iDLM21 . 

Definition 2.5. A vertex operator algebra E is ealled g-rational if the admissible ( 7 -twisted 
module category is semisimple. E is ealled rational if E is 1-rational. 

It is proved in IIDLM2II that if E is a ( 7 -rational vertex operator algebra, then there are 
only finitely many irredueible admissible ( 7 -twisted E-modules up to isomorphism and and any 
irredueible admissible ( 7 -twisted E-module is ordinary. 

Definition 2.6. A vertex operator algebra E is said to be C 2 -eofinite if E/C 2 (E) is finite di¬ 
mensional, where C 2 (E) = {v- 2 u\v,u E V). 

Remark 2.7. If E is a C' 2 -cofinite vertex operator algebra, then E has only finitely many 
irredueible admissible modules up to isomorphism iDLM21lLi]l . 

We need the eontragredient module jFHLl in this paper. 
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Definition 2.8. Let M = M{n) be an admissible ( 7 -twisted l/-module, the eontragre- 

dient module M' is defined as follows: 

M'= 0 M{n)\ 

where M(n)* = Homc(M(n), C). The vertex operator Ym'{v^ z) is defined forveV via 

{Ym'{v, z)f, u) = (/, z-^)u) 

where (/, w) = f{w) is the natural paring M' x M —)■ C. 

Remark 2.9. 1. (M', Ym') is an admissible 5 f“^-twisted l/-module IFHLI . 

2. We ean also define the eontragredient module M' for a ^f-twisted l/-module M. In this 
ease, M' is a gf^Lt-v^isted V -module. Moreover, M is irredueible if and only if M' is irredueible. 

Here are the definition of intertwining operators and fusion rules IFHLI . 

Definition 2.10. Let (V, Y) be a vertex operator algebra and let F^), (IL^, F^) and 

(IF^, F^) be F-modules. An intertwining operator of type ^ ^ is a linear map 

/(•, z)-. IF^ ^ Hom(lF^ 1F^){.2} 


U I{u, z) = ''^^UnZ ^ ^ 

nCQ 

satisfying: 

( 1 ) for any u G IF^ and v G IF^, UnV = 0 forn suffieiently large; 

(2) IiL.^v, z) = i£)I{v, z); 

(3) (Jaeobi Identity) for any m G F, n G IF^ 

-l.(-Z2 + Zl 


Zq^6 


(^0^) Y^{u, Zi)I{v, Z 2 ) - Zq^5 Z 2 )Y‘^{u, Zi) 


= Z 2 ^ Zo)v, Z 2 ). 


We denote the spaee of all intertwining operators of type ( 


1 . / IF^ 

Let Nw'^, ~ dim/y I ^2 

rules. 




IF^ 

1F2IF^ 


by/v 


IF^ 

^ I 1F2 IF^ 


. These integers ^3 are usually ealled the fusion 


Definition 2.11. Let F be a vertex operator algebra, and IF^, IF^ be two F-modules. A 
module (IF, I), where I e ly ( yyYyy 2 j ) ealled a fusion produet of IF^ and IF^ if for 


any F-module M and y G L 


V 


M 

IFi IF2 


, there is a unique F-module homomorphism 


f -.W ^ M, sueh that y = f o I. As usual, we denote (IF, I) by IF^ Ky IF^. 
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It is well known that if V is rational, then the fusion product exists. We shall often consider 
the fusion product 

11/1 11^2 _ 

w 

where W runs over the set of equivalence classes of irreducible l/-modules. 

The following symmetry property of fusion rules is well known IFHLl . 

Proposition 2.12. Let IL* (i = 1,2,3) be l/-modules. Then 


dim jy = dim jy ,dim/y = dim/y 

Definition 2.13. Let 1/ be a simple vertex operator algebra. A simple l/-module M is called 
a simple current if for any irreducible l/-module W, IL Kl M exists and is also a simple V- 
module. 

Let D be a finite abelian group and assume that we have a set of irreducible simple current 
l/°-modules E D} indexed by D. 

Definition 2.14. An extension Vp = of is called a D-graded simple current 

extension if Vd carries a structure of a simple vertex operator algebra such that Y ( m ", z) E 
ya+l^ ((2;)) for any m " E and xu^ E V^. 



3 The vertex operator algebra Vp and 

Let L = Za be a positive definite even lattice of rank one with (a, a) = 2k for some positive 
integer k. In this section, we review the construction of rank one lattice vertex operator algebra 
from HFLML Then we give some related results about Vl and Vj^ HAli IA2[ lADi lADLi iDNli 
[DN2l[DN3l^jnFLMl . 

Set [) = L ©z C and extend {•, •) to a C-bilinear form on f). Let f) = C L and extend 
(•, •) to a C-bilinear form on [). Let ^ = C ©z L © CK be the affine Lie algebra associated to 
the abelian Lie algebra [) so that 


[a (m), a (n)] = 2km6m-nK and 



0 


for any m,n E Z where a (m) = a ® Then f)>o = C [f] © [) © £.K is a commutative 
subalgebra. For any A G fl, we define a one f)>o-module Ce^ such that a (m) = (A, a) 

and K ■ for m > 0. We denote by 

M (1, \) = U (^) ©Ce" = ^ (f-'C [f-'j) 

the f)-module induced from f)>o-module Ce^. Set M(l) = M(1,0). Then there exists a 
linear map Y : M (1) —)■ EndM (1) [[2;, z~^]] such that (M (1), Y, 1, u) carries a simple vertex 
operator algebra structure and M (1, A) becomes an irreducible M (1)-module for any A G f) 
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nFLMI . Let C [L] be the group algebra of L with a basis for /? G L. The lattice vertex 
operator algebra associated to L is given by 

14 = M (1) ® C [L]. 


The dual lattice L° of L is 

L° = {AG[i|(«,A)eZ} = ^L. 

Then L° = {L + A*) is the coset decomposition with A* = -^a. Set C[L + Aj] = 

0 / 3 gLCe^+^A Then each C[L + Aj] is an L-submodule. Set 14+Ai = M (1) (8)C [L + Aj]. Then 
14 is a rational vertex operator algebra and 14 +Ai fori = 0,l,‘'',2A; — 1 are the irreducible 
modules for 14 iBol IFLMl ID 1 [ IDLM 1 H . Define a linear isomorphism 9 : 14+Ai ^L-Ai for 
i e { 0 , 1 , • • • , 2/c — 1 } by 

6 {a {-rii) a (-n 2 ) ■■■a {-Uk) ® = (-1)^ a (-ni) ■■■a (-Uk) ® 

where nj > 0 and (3 E L. Then 9 defines a linear isomorphism from 14° = M (1) 0 C [L°] to 
itself such that 

9 {Y (m, z)v) = Y {9u, z) 9v 

for u eVl and v G 14° • In particular, 9 is an automorphism of 14 which induces an automor¬ 
phism of M (1). 

For any 6 '-stable subspace U of 14°, let be the ±l-eigenspace of U for 9. Then is a 
simple vertex operator algebra. 

Recall the 6 *-twisted Heisenberg algebra 1) [—1] and its irreducible module M (1) (9) from 
nFLMI . Note that L/2L has two irreducible modules Tg = C such that a acts as (—1)'^ for 
s = 1, 2. Then = M (1) (9) 0 T* is an irreducible 6 *-twisted module of 14 HFLMI lD2l . 
Define actions of 6 * on M (1) (9) and by 

9 (a (-rii) ■■■a {-Uk)) = (-1)^ a (-rii) ■■■a {-Uk) 


9 (a (-rii) ■ ■ - a {-Uk) 0 f) = (-1)^ a (-rii) ■ ■ - a {-nk) 0 t 

for rij G I + Z+and t G Tg. We denote the ±l-eigenspaces of under 9 by (1/^“)^. Then 
we have have the following results: 

Theorem 3.1. Any irreducible Vj^ -module is isomorphic to one of the following modules: 

0W+L+At+L. (0)* 


for 1 < i < k — 1 and s = 1 , 2 . 

Theorem 3.2. 14 ^ is rational. 

Remark 3.3. The classification of irreducible modules for arbitrary 14 *^ are obtained in nDN2l 
lADI . The rationality of is established in IA2I for rank one lattice and in IDJLI for general 
case. Fusion rules of all irreducible -modules are given in UAH for rank one lattice L and in 
lADLI for general case. 
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4 Rationality of vertex operator algebra (Vl <S) 

From now on, we set Vl = V-^a where {a, a) = 2k with k a positive integer. The vertex 
operator algebra Vl ® Vl is isomorphic to the lattice vertex operator algebra Vl®l, where 
L 0 L is the orthogonal direct sum of two copies of the lattice L. Denote by a^, the copy 
of a in the first and second summand of L 0 L respectively. Let /9i = G L 0 L, 

/92 = G L 0 L, then {/3i,/3i) = Ak, i = 1,2 and (/9i,/32) = 0. Thus (3i and /32 are 

orthogonal and Zf3i = Z(32 — V^Za. 

Let Lq = Z/3i 0 Z/32, then 

L (B L = LqU (/3i 0 ( 32 ) + -^ 0 ^ • 

Since 14^ ^ 14^, 0 Vzp^ as vertex operator algebras and Li ^ ® ^^ 32 +m 

as Vlq- modules, we obtain 

Vl^L = Vl®Vl = 0 14^2 ® ^i/3i+Z/3i ® ^|/32-|-Z0- 

Notice that the 2-cyclic permutation a G Z 2 corresponds to an automorphism of Vl®l 
lifted from the transpostion (<5, 7) (7, 5) of L 0 L. In particular, a fixes all vectors in the 

vertex operator subalgebra 14/3i of Vl®l and acts on 14/32 the involution 9. Thus we have the 
following isomorphism 


{Vl 0 VLf^ = 14/3 0 0 


( 1 ) 


where (/S, (3) = Ak. 

We need the following result about rationality of a simple current extension (Yl . 

Lemma 4.1. The simple current extensions of rational C 2 -cofinite vertex operator algebras of 
CFT-type are rational. 

From short, we set W = 14/3 0 14^ © / 3 +Z /3 © 

Proposition 4.2. The vertex operator algebra U is rational. 

Proof. Since both the vertex operator algebras 14/3 and 14 ^ are rational and C 2 -cofinite, 14/3 0 
14|a is a rational C 2 -cofinite vertex operator algebra HDLMlll . By fusion rules of irreducible 
modules of 14/3 and 14 jg, we see that l©/ 3 +z/ 3 ©h 4 ^^^^ is a simple current for the vertex operator 
algebra 14/3 © Vw- By Lemma|4Tj U is rational. □ 


5 Classification of irreducible modules 

We first decompose each irreducible and irreducbile twisted 14 © 14-modules into direct sum 
of irreducible (I 4 © 14-modules. Then we show that this gives a complete irreducible 

(14 © 14)^2.];nodules. 

Recall that the irreducible 14-niodules are 14+^^ for i = 0,..., — 1. The the irreducible 

14 © 14 -modules are 14+Ai 0 14+a^ for z, j G {0,1, • • • , 2fc - 1} . If i 4 j, then Vl+a^ 014+ a^. 
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and Vl+Aj ® are isomorphic irreducible {Vl®VlY“^ IlDMil . IlDYl . For short we denote this 
irreducible module by W{i j) with i > j. The number of such irreducible modules is 2/c^ — k. 

When i = j, Vi+Xi ® ^L+\j + ^L+\j ® Vi+Xi two different irreducible represen¬ 

tations of (14 <8) 14 )^^ by [Idyl We denote these irreducible modules by Wf~., e = 0,1- The 
number of such irreducible modules is 4fc. 

It is proved in HBDMI that the category of a-twisted I 4 ® 14-modules are isomorphic to 
the category of 14 -modules, thus the number of isomorphism classes of irreducible cx-twisted 
14 <8 14-modules is equal to the number of isomorphism classes of irreducible 14-modules. 
From [Idyl each twisted module can also be decomposed into a direct sum of two irreducible 
modules of (I 4 <8 14)^^- We denote these irreducible modules by Wf—., i = 0,1, - ■ ■ ,2k — 1, 
e = 0,1. The number of such irreducible modules is 4/c. 

This gives 2k'^ + 7k irreducible (14 <814)^^-modules. In fact, all these irreducible modules 
are inequivalent as (14 <814)^^ is a simple current extension of 14/3 ® 14 ^ and each irreducible 
module above can be obtained from an irreducible 14^ ® V^-module by using the fusion 
product. 

Proposition 5.1. Let L = Za be rank one positive definite even lattice with {a, a) = 2k where 
k is some positive integer.Then hi has at most 2k‘^ + 7k irreducible modules up to isomorphism 
as the following list: 

1) For 0 < i < 2k — 1,0 < j < 2k — l,i > j, 

(* i) = ® 14/3-r^/3 + ® 

(2) ForalH G {0,1, • • • , - 1} , 

(z oj = 14/3-r4/3 ® + ^Z/3+i^/3 ® 

(* 1 ) = ^Z/3-r4/3 ® ''4/3 + ^Z/3+i^/3 ® \i 3 +l- 

(3) For 0 < i < 2fc — 1, when k + iis even, 

Oj = 14/3+^^ ® (^4/3)^ + '4/3-|-2|^/3 ® (^4/3 

= 14/3+^/3 ® i^zg) + ^Zl3+^^/3 ® i^Zp) ■ 

When A: -f i is odd, 

0 ) = ^Z/3-I-4/3 ® ® (^Z/3 ) ’ 

= ^Zp+^/3 ® ('4/1) + ^Z/3-|-2|^/3 ® (^Z/l)^- 

Proof. Since 14/3 ® 14^ 's ^ vertex operator subalgebra of U, by Proposition 14.21 each irre¬ 
ducible W-module M is a direct sum of irreducible 14/3 <814ja-modules. Let W be an irreducible 
14/3 ® 14 ja-module, we define 


U-W - (14/3 <8 14ja) ^Vz/3®4+ ® {y^fi+zp ® ^ 43 + 2 / 3 ) 
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That is, the fusion product of U and W as Vz/j 0 f^-modules. Then W ■ PT is a W-module only 
if W • PT is Z-graded. First we prove that each module above is an irreducible W-module. 

i) If ly = 0 for some i G {0,1, • • • 4/c — 1}, j e {1, 2 • • • ,2k — 1}, then 

by fusion rules of irreducible -modules and P^-modules I1DL11IAT]| 

U-W = 0 + fz/ 3 + 2|^/3 ® 

From which we can see that lA -W W-module only if i — j G 2Z. Denote 

(O') = 0/3+i^/3 ® 0/3+i^/3 + fz/3+2^;^/3 ® fz/3+2*;^/3) 

then {{i j) \0 < i < 2k — 1,0 < j < 2k — l,i > j} gives all W ■ PF that are irreducible 
^//-modules up to isomorphism. The number of such modules is 2k‘^ — k. 

ii) If PF = 0 F^, j = 0,1- ■ ■ ,Ak — l, then by fusion rules of irreducible modules 

for Vz 0 and nPLli lATI, 

u.w = o^+i/3 0 y^f} + y^fi+^p ® ^ip+^p- 

So W ■ PF is a W-module only if j G 2Z. Let j = 2i with i G Z, then we see that 
oj = 0 F^ -P F^^ I i+k^ 0 i = 0 , 1 , • • • , 2 fc — 1 are irreducible W-modules. 

Similarly, if PF = 0 F^"^, 0 F+^^^ or 0 with j = 

0,1, • • • , 4fc — 1, then W • PF is a W-module only if j G 2Z. Similarly we let j = 2z, * G Z, 
denote these W ■ PF by 

In this case, |(ze)|0<z<2/c — l,e = 0,l| gives all W-PF that are irreducible W-modules 
up to isomorphism. The number of irreducible W-modules up to isomorphism is 4/c. 

iii) If PF = 0 y^fj'^ for some i G {0,1, • • • , 4A; — 1}, it is easy to check that 

il k + i G 2Z, hi ■ W = 0 (Pz/?)"*" + 0/3+ 2 kA-i ^ 0 (F^^)+ is an irreducible U- 

module. Denote it by oj . Similarly, we can check that, 0 (P^^)“ + y^p+^p 0 

(Vlp) is an irreducible W-module only if /c + z is even. We denote it by 1 j . We see 

|(z e)|0 < z < 2/c — 1, /c + z G 2z| gives all W ■ PF that are irreducible W-modules up to iso- 
morphism.The number of such non-isomorphic irreducible W-module is 2k. 

By similar argument, we can prove that when PF = 0 P^^’ for some z G 

{0,1, • • • , 4/c — 1}, W • PF is an irreducible W-module only if fc -f z G 2Z -f 1 . In this case, 
W ■ PF is isomorphic to (z 0) and (z 1) respectively as listed above for the case fc + z is odd. The 
number of irreducible W-modules up to isomorphism is 2 k. 

Since PF runs over all irreducible V^p 0 P^-modules, from above we see that the number 
of irreducible W-modules up to isomorphism is at most 2 k‘^ + Tk. □ 

Definition 5.2. A vertex opertor algebra F is graded by an abelian group D if F = ©ag^F", 
and UnV G F"+^ for any u G F“, v G F^, and n G Z. 

Proposition 5.3. Let D be an abelian group and V = J2aeD ^ simple D-graded vertex 
operator algebra such that F° is a rational vertex operator subalgebra of V and F" ^ 0 for all 


z 1 


k + i Oj, and (/c + z 1), z = 0,1, • • • ,2k — 1 respectively. 
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a e D with NyZyp = (5a+/3,7 for all a,(3,'j G D. Let M = J2a&D irreducible V- 

module such that ( 1 ) each is an irreducible l/°-module, ( 2 ) M“ and are inequivalent 
for a 7 ^ /9, and (3) 12“ ■ for all a and 13. Then the 12-niodule structure of 

M is determined uniquely by the l/°-module structure of M, that is, if (M, Y m) is also a 
simple L-module with Ym (m, z) = Ym (m, z) for all u G 12°, then (M, Ym) and (M, Ym) are 
isomorphic. 

Proof. By fusion rules, for any u G 12“, w G M^, a, f3 E D, there exists nonzero constant Aq,^^ 
such that Y (m, z)w = {u, z) w. Since Ym (m, z) = Ym (m, z) for all u G 12°, we have 

Ao,a = 1 for any a E D. 

For any a, /?, 7 G D, let m G 12", t; G V^,w E M'^, by associativity, there exists nonnega¬ 
tive integer k such that 


{zi+Z 2 fYM{u,Zi)YM{v,Z 2 )w = {zi + Z 2 f Y m {Y {u, Zq) V, Z 2 ) w 

and that 

{zi + Z 2 t Ym (m, ^1) Ym {v, Z 2 ) w = {zi + Z 2 f Ym {Y (m, zq) n, Z 2 ) w 

Thus we get 

Xa,P+-i '^/3,7 '^q+/3,7 (2 ) 

for any a,(3,'j E D. In particular, let 7 = 0,we obtain Xa+p,o = Xa,p ■ X/s^. 

Let f ■ ^ be defined by / uJa) = Ea ^ 

Then clearly / is a linear isomorphism. Let u G 12", w G ., then 


f[YM{u,z)w) = 


Thus / is an isomorphism of 12-modules. 


f{Xa,pY {U,Z)W) 

- - Xa,p ■ Y (m, z) W 

^ 0+^,0 

A/3,oLm (m, z) w 
Ym (m, z) f (w). 


□ 


Combining the above two propositons, we get the following results: 

Theorem 5.4. Let L = Za with {a, a) = 2k with k some positive integer. Then any irreducible 
( 12 ^ ( 8 ) -module is isomorphic to one of the following modules: 


{(O'), (^e), (z e)|0 < z, j < 2fc - l,i > j,e = 0,l|. 


6 The quantum dimensions 

The notions and properties of quantum dimensions have been systematically studied in HDJXl . 
For a rational, C 2 -cofinite, self-dual vertex operator algebra of CFT type, quantum dimensions 
of its irreducible modules have nice properties. It turns out that these properties are very help¬ 
ful in determining fusion rules. Now we recall some notions and properties about quantum 
dimensions. 
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Definition 6.1. Let g be an automorphism of the vertex operator algebra V with order T. Let 
M = ©„g^ 2 +^A+n be a ( 7 -twisted L-module, the formal character of M is defined as 

chgM = (dimMA+„)g”, 

where A is the conformal weight of M. 

We denote the holomorphic function ch^M by Zm (t). Here and below, r is in the upper 
half plane El and g = . 


Definition 6.2. Let lA be a vertex operator algebra and M a ( 7 -twisted lA-module such that 
Zv{t) and Zm (t) exists. The quantum dimension of M over V is defined as 


where y is real and positive. 


qdimyM 


hmAEM. 

Zy [iy) 


From now on, we assume lA is a rational, C 2 -cofinite vertex operator algebra of CFT type 
with lA = lA'. Let = V, M^, ■ ■ ■ , denote all inequivalent irreducible lA-modules. 
Moreover, we assume the conformal weights Aj of M* are positive for alH > 0. Then we have 
the following properties of quantum dimensions iDJXH : 

Proposition 6.3. q dimy M* > 1, Vi = 0, • • • ,d. 

Proposition 6.4. For any i, j = 0, • • • , d, 


q dimy (M® Kl = q dimy M® • q dimy ML 


Proposition 6.5. A lA-module M is a simple current if and only if q dimy M = 1. 

Remark 6.6. By Proposition |4[2] and IIA41I we see that the vertex operator algebra (Vl 0 
satisfies all the assumptions and thus we can apply these properties. 

By applying properties of irreducible (Vl 0 VL) ^-modules, we obtain quantum dimensions 
of all irreducible (Vl 0 -modules as follows: 


Proposition 6.7. For 0 < i, j < — l,i > j, e = 0,1, 

q dim (ij) = 2 , 

q dim ej = 1 , 
q dim e j = 

Proof. First we notice that by fusion rules of irreducible modules of and lAg^, 0 

^ simple current. Thus q dimy^^^y^+ W = 2. By definition of quantum dimension, we 
see that for each W-module W, 


q dim^Y W 





W. 
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Thus it suffices to find quantum dimensions of these modules as V^- modules. By fusion 
rules of irreducible Vz/j-modules, we see that is a simple eurrent. By Proposition 16.51 

qdimv^p = 1. By fusion rules of irredueible modules, both and are simple 

eurrents of therefore gdimy^+ = gdimy^+ = 1. Since 14/3 = l^Ia + 
have gdim^^+ 14/3 = 2. Similarly we get gdim^^+ 14 / 3+^/3 = 2, i G {1, • • • , 2fc — 1}. By 
Proposition 16.41 we obtain 

and therefore q dim^^ (ij) = 2, 0 < i,j < 2k — 1, i > j. 

By similar argument, it is easy to see that q dim e'j = 1 for z = 0,1, • • • , 2/c — 1, e = 0,1. 

To obtain the quantum dimensions of (i e), we first observe that by fusion rules of irre- 
dueible 14 |a-niodules we have the fusion product: 

= ''i + + E 

i<r< 2 fc-i,r even 

Sinee q dimy^+ V^+z /3 = 2, we see that the quantum dimension of the right hand side is 2k and 

,dim = 2k. 

By Proposition 16.41 we obtain q dim^^H- Similarly, we can prove 

9dim^,+ 14 ^ 1 ’+ = gdim^+ 14 ^^’" = gdim^+ Vg’+ = gdim^+ Vg’" = 

Thus q dimy^^^y^+ (i e) = 2\f^ and q dimu [i e) = \/^ , z = 0,1, • • • , 2k, e = 0,1. □ 

7 Fusion Rules 

In this seetion, we apply the quantum dimensions obtained in the previous seetion and the 
fusion rules of irredueible 14 / 3 - and 14|g-niodules in PPL 111 and IIA2II to determine the fusion 
products of the eyclic permutation orbifold model. 

Theorem 7.1. For any z > j, 0 < z, j, / < 2/c — 1, e G {0,1}, the following are the fusion 
products of irreducible modules of (14 ® 14) ^ : 

(z j) K (/ e) = (z + j + / 0) + (z + j + / 1) (3) 

where z + j' + Z is understood to be its remainder in{0,...,2/c — 1} when divided by 2fc, 

(zj)S(T7) = (z + Zj + Z), (4) 

(ze)S(jei) = (z+je + ei) (5) 

where e + ei is understood to be its remainder in {0,1} when divided by 2, 
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{i e) K1 (j ei) = (2z + j e + ei), 


( 6 ) 


{i j) K (p g) = (p + j 0) + (p + j 1) + (p - i 0) + (p - i 1) (7) 

if i - j = p - g, 


{i j) M{pq) = {i + pj + q) + {i +qj - p) 
if i - j ± {p - q) ^ 0, 2k, 


(ie)K(jei) = (^-^e + ei') + [fc + ^^e + ei + l)+ ^ {i + r j - r) (S) 


l<r<2k-l,r CVeil 


if k + i and fc + j are both odd, 


(ie)S(jei) = (^-^e + ei] + ffc + ^-^e + ei) + ^ {i + r j - r) (9) 


i<r< 2 fc-i,r even 


if k + i and fc + j are both even, and 


(z e) K (j ei) = {i + rj- r) 

l<r<2k-l,r odd 


( 10 ) 


if one of fc + z and k -h j is even and the other is odd. 


Proof. Proof of (I?]), (13) and For 0 < z, j < 2fc — 1 with z > j, first by fusion rules of 

( d+j+l e) 


irredueible and modules, we get lu \Y)Y) ) 7^ ^ counting quantum 

dimensions of both sides, we get ([S])- By similar arguments, we ean prove (@1), ([3) and (13- 
Proof of For 0 < z, j, p, g < 2A: —1 with i > j,p > q and z—j = p—g, by fusion rules of 


irredueible and Vfa modules, we have lu 


' Z+7+P+9 

{* j) (p g) 


0 


7 ^ 0, e = 0,1. Sineez—J = p — q. 


we write 


i+j+p+q 


as p + j, then f 


, (p+j e) 

^ I (* j) (p q) 


7 ^ 0. Besides, by (SI) and Proposition 12 ■12[ we 


get lu (p g) J 7 ^ 0 for e = 0,1. By eounting quantum dimensions of both sides, we get ([7]). 
Proof of ^ and dP])-' 

When k + i and k + j are both odd, by fusion rules of irredueible Vz /3 and modules. 


we get Ii 


u 


(« c) (i ei) 


^ 0 , h 


u 


(fc+^ e+ei + l) 
(* c) (i ei) 


f 0, e, ei = 0,1. For 1 < r < 2fc — 1 


with r even, notiee that J 


v; 


Z/3 V W 


"*/3+Z/3 




7 ^ 0, we obtain f 


u 


(z+r j—r) 

(* e) (i ei) 


7 ^ 0. By eounting 


quantum dimensions of both sides, we get dS])- By similar argument, we ean prove (|9l)- 
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Proof of dTO]).- By fusion rules of irreducible V^-modules, we see that L 




''^/3+Z/3 
T2,± Ti.± 


IS 


nonzero for 1 < r < 2fc — 1 with r odd. By observing irreducible W-modules as listed in Propo¬ 


sition [5]T] and applying fusion rules of irreducible 14 ^-modules, we obtain lu 
By counting quantum dimensions, we prove the fusion product (fTOl) . 


(i+r j—r) 
(.i e) (i Cl) 


^ 0 . 


□ 
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